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Abstract

The system max plus algebra does not have an additive inverse.
Therefore, some equations do not have a solution. For example, the
equation 3@ x =2 has no solution since there is no x such that

max(3, x) = 2. One way of trying to solve this problem is to extend

the max plus algebra to a larger system which will include additive

inverse in the same way that the natural numbers were extended to the

larger system of integers. The extended system that is larger than max
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plus means the symmetrized max plus algebra. This paper describes
the necessary and sufficient condition for the solution of the balanced
linear system, that is, the linear system over the symmetrized max plus
algebra.

, where y is arbitrary, is the

i '
It is shown that vector x\»’(""c®}]
"

general solution from linear balanced system of 4 & xVe if and only

if X that has ( ! ;] ® P form where D is arbitrary, is any matrix
£

ol (E, C
satisfying 4 ® X ® AVA, which AVP® @( N E],

1. Introduction

The system max plus algebra does not have an additive inverse.
Therefore, some equations do not have a solution. For example, the equation

3 @ x =2 has no solution since there is no x such that max(3, x) = 2. De
Schutter and De Moor [2] and Singh et al. [5] stated that one way of trying to
solve this problem is to extend the max plus algebra to a larger system which
will include additive inverse in the same way that the natural numbers were
extended to the larger system of integers. Therefore, we have that the system
(S, ®, ®) is called the symmetrized max plus algebra and S = E/B with
B is an equivalence relation. MaleSevi¢ et al. [4] stated about the solution
of a linear system A4x = ¢. This paper describes the necessary and sufficient
condition for the solution ofme balanced linear system, that is, the linear

system over the symmetrized max plus algebra.
1.1. The symmetrized max plus algebra

Let the set of all real numbers R, = R U {&} with € := —o as the null
element and e := 0 as the unit element. For all a, b € R, the operations &

and ® are defined as follows:
a®b=max(a,b) and a®b=a+b

and then, (R, @, ®) is called the max plus algebra.
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Definition 1.1 (De Schutter and De Moor [2] and Kondo [3]). Let u =
(X., y)'s V= (“'I's Z) € Rg‘

(a) Two unary operators © and (-)° are defined as follows:
Ou=(y,x) and u* =u@® (Ou).
(b) An element u is called balances with v, denoted by uVyv, if
xBz=yDw

(c) A relation B is defined as follows:

x, v)Viw, z), if x# yand w# z,
(x, ¥)B(w, 2) if{( Ve v

(x, v) =(w, z), otherwise.
Because B is an eqmvalencwlation, we have the set of factors S =

Rg/B and the system (S, @, ®) is called the symmetrized max plus algebra,

with the operations of addition and multiplication on S is defined as follows:

8 _
(a,b)B(c,d)=(aDec, bB d),

(a,b)@(c,d)=(a®cPbRd, a®dBbR®¢c)
for (a, b), (¢, d) € S.

The system (S, ®, ®) is a semiring, because (S, @) is associative,
(S, ®) is associative, and (S, ®, ®) satisfies both the left and right

distributive.

Lemma 1.2 (De Schutter and De Moor [2]). Let (S, @, ®) be the

symmetrized max plus algebra. Then the following statements hold:
(1) (8, ®, ®) is commutative.
(2) An element (g, €) is a null element and an absorbent element.

(3) An element (e, €) is a unit element.

(4) (8, ®, ®) is an additively idempotent.
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The system S is divided into three classes:
o 5% consists of all positive elements or

.
s® = {(t, &)|t € R} with (1, &) = {(t, x) e R2|x < 1}.

e S consists of all negative elements or

S® = {(e, 1)|t e R, } with (&, 1) = {(x, 1) e R2|x < 1}.
e S§° consists of all balanced elements or
S* ={{t, )|t e Ry} with (1, 1) = {(r, 1) € RZ}.
Because S isomorphic with R, so it will be shown that for a € R,
it can be expressed by (a,—s) e s®.

Furthermore, it is easy to verify that for « € R, we have:

a = (a, ) with (a, €) € S&),

Oa = (a, €) = a, €) = (&, a) with (&, a) € §°,

a®"=aca=(a¢e)o (a,e)=(a, £)® (s a)=(a,a)eS".
Lemma 1.3. For a, b € R, acb = (a, b).

Proof.

ach = (a, €) © (b, e) = (a, €) D (g, b) = (a, b). O

Lemma 14. For (a,b) € S with a, b € R, the following statements

hold:

(1) If a > b, then (a, b) = (a, €).

(2)If a < b, then (a, b) = (g, b).

(3)If a = b, then (a, b) = (a, a) or (a, b) = (b, b).
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Proof. (1) For a > b, we have that a @ b = a. In other words, a ® ¢
=a @ b. The result that (a, b)V(a, €). So it follows that (a, b)B(a, €).
Therefore, W = (m—s)A

(2) For a < b, we have that a ® b = b. In other words, a @b = b D &.
The result that (@, b)V(g, b). So it follows that (a, b)B(g, b). Therefore,
(a, b) = (s, b). O

Corollary 1.5. For a, b e R,

a, ifa>b,
acb=40b, if a<b,

a®, if a=bh.

Let S be the symmetriai max plus algebra, n be a positive integer
greater than 1 and A ,(S) be the set of all n xn matrices over S. Operations

@ and ® for matrices over the symmetrized max plus algebra are defined:

C=4A®B=c¢ =aU-EBb

i N

C=A4®B=c; =Pay®b.
!

Zero matrix nxn over S is g, with (g, )if = ¢ and identity matrix n xn
over S is £, with
e, ifi=j,
[En];j = cp .
: g ifi=j.
Definition 1.6. We say that the matrix 4 € M, (S) is invertible over S
if
A®BVE, and B® AVE,

forany B € M,(S).
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The properties of balance relation, i.e., the operator V, are given by the

following lemma:
Lemma.l.T (De Schutter and De Moor [2]).
3

(1) Va, b, c €8, accVb < aVb @ c.

(2) Va, b e S® US®, aVb = a = b.

(3) Let A € M, (S). The homogeneous linear balance A ® xVg,, has
a non-trivial solution in S% or 7 if and only if det(A4)Ve.
1.2. Reduced row echelon form over the symmetrized max plus algebra

Because the elements of the symmetrized max plus algebra are invertible,
then it can be developed elementary row operations, that used to manipulate

linear balanced systems.

Definition 1.8. The three types of elementary row operations on 4 matrix
over the symmetrized max plus algebra are as follows:

(1) Interchange rows i and j.

(2) Replace row i by a nonzero multiple of itself (o ® 4;).

(3) Replace row j by a combination of itself plus a multiple of row

The new Eﬁnce linear systems that are obtained from the old balance
linear systems by performing a sequence of elementary row operations have

the same solution.
Whenever B can be obtained from 4 by performing a sequence of
elementary row operations only, we write 4 ~,,,, B, and we say that 4 and

B are row equivalent. In other words,

A~ B < P® AVB

row

for a non-balanced matrix P.
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Matrix 4 can be obtained by performing row operation on matrix B
because every row operation is reversible. In particular, the inverse of any

Definition 1.9. An m x n matrix £ with rows E;, and columns E,; is

row operation is again a row operation of the same type.

said to be in row echelon form provided the following two conditions hold:

(1) If E;, consists entirely of €, then all rows below E;, are also entirely

g; 1.e., all € rows are at the bottom.

(2) If the first non € entry in E;, lies in the jth position, then all entries
10
below the ith position in columns Ej;, E,,, ..., E*j- are &

Adding the following conditions to conditions (1) and (2) in Definition

1.9, we have a matrix £ as a reduced row echelon form:
(1) The leading entry in each nonzero row is e.
(2) Each leading e is the only nonzero entry in its column.

A typical structure for a matrix in reduced row echelon form is illustrated
below:

e ¢ ¢ ¢ g ¢ 0

For a matrix 4, the symbol E, denotes the unique reduced row echelon

form that derived from 4 by means of row operations.

The following is an example of the reduced row echelon form obtained

by using only row operations.

Example 1.10.Let A= ¢ 1 & <0
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We have a sequence of elementary row operations from A as follows:

2 1" ¢ 0 0 (-1)" & e(-2) 0 (1) & e(-2)

e 1 & S0 Hygaple 1 & &0 [Hype 1 & &0

1 0" 1 ¢ - 1 0" 1 = S O (S B |
0 (-1)* & o(=2) 0 (ﬁ‘ e O(-2)

Hyple 0 & o) Hpge 0 & o1
— lo Uo 1 -1 — lo U. 1 (—l).
0 (-1) & (-2
Hyple 0 & o1}
- U. (_l)o 0 (_2).

We can see that
0 (1) & o(-2)] (0 & & =
> 0 & O-1)|V|e 0 & *|=E,
0° (-1)* 0 (-2 e & 0 «

2. The Main Result

In this section, we indicate how a technique is used to obtain the
necessary and sufficient condition for an existence of a general solution of a
non-homogeneous linear balanced system.

To show the existence of the solution of the balanced linear system uses

some of the following theorems:

Theorem 2.1. The form A @ X ® AVA has no unique solution for any

If 4 is an m x n non-balanced matrix, then there exists an inverse
AP with the property 4 ® 42Dy 4®) @ 4vE.

It will be shown how to construct the set of all matrices X such that
A® X @ AVA. The construction of the matrix X such that 4 ® X ® 4AVA
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for an arbitrary 4 € M,,,,(S) is simplified by transforming 4 into a

sequence of elementary row operations, as shown in the following theorem.

From that process, we have 4 ~,, . 4., and any P such that

E, C
P® AV[ ] 2.1)
&

&
with C e M},x(”_},)(S)A

The following theorems establish the existence of the matrix X such that

A® X ® AVA and its applications in solving equations.

Theorem 2.2. Let 4 € M,,,,,(S), andlet P € M ,,,.,,,(S) be such that

1

E. C
P® 4V . (2.2)
€
Then for any D € M(,_yy(m—r)S), the nx m matrix

[E,. s]
XV ® P (2.3)
tc D

satisfies A @ X ® AVA.

The partitioned matrices in (2.2) and (2.3) must be suitably interpreted in

case ¥y =m or v = n.

Proof. Rewriting (2.2) as

—1 E. C
Avp® @[’ ]

& &

it is easily verified that any X given by (2.3) satisfies

-1 E. C E, -1 E. C
A® X ® AVP® ®( ! ]@( ! E]®P®P® ®( ! ]
£ & e D £ &

—1 E. C E. C —1 E. C
A® X ® AVP® @[’ J@[’ JVP® @{" ]VAA 0

& & & & & &
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Existence of the matrix X satisfying 4 ® X ® AV4 is given by the

following theorem:

Theorem 2.3. Let A € M, ,(S). A matrix X satisfies A® X ® AVA if
and only if

E. €
XV[ ] ® P (2.4)
D

1

for some D and for some nonbalanced P satisfving

E, C
P® AV[ ] 2.5)
£ £

Proof. (<) If (2.5) and (2.4) hold, then X satisfies 4 ® X ® AVA by
Theorem 2.2.

(1]
(=)Let A® X ® AVA Thenboth 4 ® X and X ® A4 satisfy
ARXRARAVAR®XY and Y ® AR X ®AVY ® A
AR X and X ® 4 have the same rank as 4. Thus, both 4 ® X and

s

X ® A4 are of the form [ ] Therefore, there exists nonsingular R such

& e
that
» E, C
R'®A4® X®RV .
e e
Thus,
R'®AVR '@ 40 X ® 4,
R'®AVR'®4®X®R)®R! ® 4,
-1 E}, C‘ -1
R'® 4av QR '® 4
e e
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It follows that R™' ® 4 is of the form

~—1 ~—1
R eoav|¢ Ele avre|C £
e e e e
C‘ & -1
Let P = ® R . Then
£ E
5] C -1 E C
P®AV[ E]@R‘HDR@[C a}v[’ }
€ E £ £ t t

Consider the matrix X ® P!, We have

- E. C
X@P'@[’
£ &
L (E. C\_(E, C
So, X ®P @ \%
£ & £ &
. _(E, C E,
X®P & for some D. We have AV
£ &

]m¥®P”®P®Am¥®A

C

]w‘
€ €

According to Theorem 2.3, we give the following example:

02 1° ¢
Example24.let A=| ¢ 1 & O
10" 1
e €
Wehave P& A= HZVE,  =¢c ¢

£ &

e «|=(E; C)with

e *

P = E3(_1) ® E3(0) ® Ey(-1) ® E3y(c1) ® Ey(-2))

e & & € & &

e & &

P=es®ses®s—ls

| £ ee

o(-2)
@ e e g|® g

ol g e g

e & &

£ £

.E

7
€ & |

™

€ €

263

]A From the latest equation, it follows that

O
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(I'.‘!%Z) E &

So, we have P = -1 g

-2 =2 -1

e (-1)° & o(-2)
And, PR4=|c B = o) |V(E; O).
0° (-1)* e (-2)°

There is
i e € ¢ o(-2) . a(-2) El g
€ e £ -1 ¢
x=|73op= ® & -1 g|=
g £ £ e -2 -2 -
-2 =2 -
£ € E £ £ €

which satisfies 4 ® X ®& AVA.

Theorem 2.5. Let A ed/!mx” (S). If X is any matrix satisfving
A® X @ AVA, then A ® xVb has a solution if and only if A ® X & bVbh,
in which case the most general solutionis x= X @b D (ECOX ® 4)® h,
where h is arbitrary.

Proof.

AR®x=AB[X ®b®(ESX ® 4) ® h),

AR Xx=ARX®bDAR(EOX ® 4)®h,
AR Xx=(AX )P AR (4® X ® 4)
RIVbBARhO AR IS (A® h).

Because we have (4 @k)‘Vs, we conclude that 4 ® xVbh @ g = h. Hence,
A® xVbh. O

Corollary 2.6. If X is any matrix satisfving A& X ® AVA, then

A ® xVe has a solution if and only if the most general solution is x =
(ECX ® A)® h, where h is arbitrary.
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Proof.
AR x=ARECX®A)®h=ARh0ARX® AR h

=A®@hoAR®h.

Because 4@ hOA®@h=(A®h)" and (4® h)'Ve, we conclude that
A® xVe. O
c®
v
solution from linear balanced system A ® xVe if and only if X that has

Corollary 2.7. Vector xV[I\'J y]’ where y is arbitrary, is the general

E. ¢
[ ! D] & P form, where D is arbitrary, is any matrix satisfying A
€

W _(E. C
X ® AVA, which AVP® @[ ! ]
e e

Proof. According to Corollary 2.6, we have
E,. -1 E. C
x=(E0X®A® fIV|:E S [[ rof ] ® P] ® [P® @[ ! D:| ® h.
e D E €

Furthermore, we obtain

oo 3ol SJon
oo s

E, h,
If we take E = [ ! ¢ ] and h = [ I’ ], then we obtain that x
h

€ m-r m-r

can be presented as the following form:
E, € E. C h,
xv ® ® )
€ EHT—!' € € ;IHT—!'
xV[E acC ] @[ h, ]V[C!C ® flm_},]‘
€ E”T—!' ;IHT—!' ;IHT—!'
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oc® . . . .
We now conclude that xV[ ) y], where y is arbitrary, is the solution of
v

A® xV. O

Example 2.8. According to Example 2.4, because
e (1) & o(-2)
P®A=|¢ e e o(-1) |V(E3 C),
0* (-1)" e (-2)

o(-2) -2
we have C=| ©(-1) |. Hence, we get that OC=| -1 |. If we take y = 0,
(-2)" (-2)°
-2
. oC®y -1 |. .
then we obtain x = = o | 1s the solution of 4 ® xVe.
y (-2)
0
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